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Abstract

We present a new method for realizing the adiabatic connection approach in density func-
tional theory, which is basedon combining accurate variational quantum Monte Carlo cal-
culations with a constrained optimization of the ground state many-body wavefunction for
di�eren t values of the Coulomb coupling constant. We use the method to study an elec-
tron gas in the presenceof a cosine-wave potential. For this system we present results for
the exchange-correlation hole and exchange-correlation energy density, and compare our
�ndings with those from the local density approximation and generalizedgradient approx-
imation.
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1 In tro duction

Density functional theory (DFT) (1, 2) is the main computational tool for
the treatment of many-body e�ects in solid state electronicstructure calcula-
tions and is now widely used to determine ground-state properties of atoms
and molecules(3). In the Kohn-Shamformulation of DFT (2) the problem of
�nding the ground state energyand density of an interacting N-electron sys-
tem is tranformed into an equivalent problem involving non-interacting elec-
trons. The central quantit y in this formulation is the exchange-correlation
energyExc, which is a universal functional of the electron density n(r ). The
exchange-correlationenergy functional, a complicated many-body object, is
the big unknown of the theory and the coreproblem in the density functional
approach is to �nd accurate approximations for Exc . The most frequently
used approximations to date are the local density approximation (LDA) (2)
and various generalizedgradient approximations (GGA) (4, 5, 6).

An entirely di�erent approach to the ground-statemany-body problem is
quantum Monte Carlo (QMC) (7). QMC calculations are computationally
more demanding than density functional calculations. However, unlike the
density functional approach, in which the ground-state density is the basic
variable, quantum Monte Carlo methods focus on sampling the full ground-
state many-body wavefunction of the system under considerationand hence
yield a moredetailed descriptionof many-body e�ects. Quantum Monte Carlo
calculationscanthereforebeusedto investigatedensity functional theory from
\outside" and to test the performanceof approximations to Exc . In the last
few yearsa number of quantum Monte Carlo investigationsof DFT have been
reported for atomsand molecules(8, 9), model solids(10, 11) and silicon (12).
Most of these investigations focusedon extracting the exchange-correlation
potential and components of exchange-correlationenergyfrom accurateelec-
tron densities obtained from Monte Carlo calculations. Except for a very
recent calculation by Hood et al.(12), other key quantities in DFT, namely
the exchange-correlationhole nxc and the exchange-correlationenergydensity
exc , have not beeninvestigatedwith Monte Carlo methods. Thesequantities,
however, are important in understanding the successof the LDA beyond its
formal limits of validit y, and play a key role in constructing more accurate
approximations to Exc. A better knowledge of these quantities is therefore
crucial for a better understandingof the performanceof the LDA and various
correctionsto it such asGGAs, and can guide the construction of more accu-
rate functionals. Unlike Vxc which can be directly obtained from the electron
density (by inversionof the Kohn-Shamequations(10, 8)) evaluating exc and
nxc is more demanding. Thesequantities are derived from an adiabatic con-
nection procedurein which one scalesthe Coulomb interaction by a factor �



while keepingthe density �xed at the ground state density of the systemun-
der consideration.To extract nxc and exc from Monte Carlo data onetherfore
needsto calculate not only the ground state many-body wavefunction of the
fully interacting system(� = 1), but also the many-body wavefunction in the
range0 � � < 1.

Within variational quantum Monte Carlo, we have developeda newscheme
for realizing the above adiabatic connectionprocedurewhich allows us to ex-
tract nxc and � xc from Monte Carlo data. Our method is basedon a constrained
optimization of the many-body wavefunction at di�erent Coulomb coupling
constants using the technique of varianceminimization (13, 14). In this paper
we will discussaspectsof our method and illustrate it with a �rst application
to an electron gas exposed to a cosine-wave potential. For this system we
calculatethe exchange-correlationenergy, exchange-correlationenergydensity
and exchange-correlationhole, and compareour �ndings with thoseobtained
from the LDA and the most commonly usedversionof GGA (6, 15).

2 The Adiabatic Connection

The idea of an adiabatic connectionto determine Exc has beendeveloped by
several authors (16-18). Here we closely follow the review by Parr and Yang
(3). We considera system of N interacting electrons in the presenceof an
external potential Vex(r ) and characterizedby the Hamiltonian (atomic units
are usedthroughout, with e = �h = m = 1)

Ĥ = T̂ + V̂ee + V̂ex (1)

with

T̂ =
NX

i =1

�
1
2

r 2
i (2)

V̂ee =
1
2

NX

i =1

NX

j 6= i

1
jr i � r j j

(3)

V̂ex =
NX

i =1

Vex(r i ) (4)

In the Kohn-Shamformulation of DFT the problemof �nding the groundstate
energyof this systemis exactly mappedonto oneof �nding the electrondensity
which minimizes the total energyfunctional

E[n(r )] = T0[n(r )] + EH [n(r )] +
Z

drVex(r )n(r ) + Exc[n(r )] (5)



Here T0 is the kinetic energyof a �ctitious non-interacting systemof N elec-
trons having the same electron density n(r ) as the interacting system and
EH [n] is the Hartree (electrostatic) energy. The exchange-correlationenergy
functional Exc [n] is usually de�ned by equation(5) and contains all the many-
body terms not consideredelsewherein (5).

An exact expressionfor Exc is obtained by scaling the electron-electron
interaction with a factor � and varying � between1 (real system)and 0 (non-
interacting system). The exchange-correlationfunctional Exc is then given
by (3)

Exc [n] =
Z 1

0
d� < 	 � jV̂eej	 � > � EH [n] (6)

where	 � is the anti-symmetric many-body wavefunction which minimizes

F � = < T̂ + � V̂ee > (7)

under the �xed-density constraint

< 	 � jn̂(r )j	 � > = n(r ) (8)

and n̂(r ) is the density operator

n̂(r ) =
NX

i =1

� (r � r i ): (9)

A minimum for F � always exists (20) and, exceptunder someunusual condi-
tions (21), 	 � can be obtained from the following Schr•odinger equation

[T̂ + � V̂ee + V̂ � ]	 � = Ĥ � 	 � = E � 	 � (10)

with

V̂ � =
NX

i =1

V � (r i ): (11)

The potential V � (r ) at point r is a Lagrangemultiplier corresponding to the
�xed-density constraint at that point. As � variesbetween0 and 1, V � (r ) must
be adjustedsuch that the electrondensity remains�xed at n(r ). At � = 1, V �

coincideswith the actual external potential Vex(r ) while at � = 0, it coincides
with the Kohn-Shame�ective potential,

V � =0 (r ) = Vef f (r ) = Vex(r ) + VH (r ) + Vxc(r ) (12)

whereVH is the Hartree (electrostatic) potential

VH (r ) =
Z

dr 0 n(r 0)
jr � r 0j

(13)



and

Vxc(r ) =
� Exc[n]
� n(r )

(14)

is the Kohn-Shamexchange-correlationpotential. Note also that 	 � =0 corre-
spondsto the Slater determinant of the exactKohn-Shamorbitals correspond-
ing to the density n(r ).

The adiabatic expression(6) allows us to obtain several usefuldecomposi-
tions of Exc . Inserting (3) in (6) gives

Exc[n(r )] =
1
2

Z
dr

Z
dr 0 n(r )nxc(r ; r 0)

jr � r 0j
(15)

wherenxc is the density-functional exchange-correlationhole de�ned by (3)

�n(r ; r 0) = n(r )n(r 0) + n(r )nxc(r ; r 0) (16)

Here �n(r ; r 0) is the diagonal part of the two-particle density matrix averaged
over � ,

�n(r ; r 0) =
Z 1

0
d� n� (r ; r 0) (17)

and

n� (r ; r 0) = < 	 � j
NX

i =1

NX

j 6= i

� (r � r i )� (r 0 � r j )j	 � > : (18)

Integrating (15) over r 0 yields

Exc [n(r )] =
Z

dr exc(n[r ]; r ) (19)

whereexc is the exchange-correlationenergydensity derived from the adiabatic
connectionprocedure

exc([n(r )]; r ) =
Z 1

0
d� e�

xc([n(r )]; r ) (20)

with e�
xc given by

e�
xc([n(r )]; r ) = < 	 � j

1
2

NX

i =1

NX

j 6= i

� (r � r i )
jr � r j j

j	 � > �
1
2

Z
dr 0n(r )n(r 0)

jr � r 0j
(21)

For further referencewe note that n� =0
xc corresponds to the density func-

tional exchangehole nx . The corresponding excahangeenergydensity is ex =
e� =0

xc and the correlation energydensity is given by ec = exc � ex . Note, how-
ever, that the excahnge-correlationenergydensity, and henceits exchangeand



correlation components, are not uniquely de�ned quantities sincewe can al-
ways add to exc any function which integartes to zero without a�ecting the
exchange-correlationenergy. Our de�nition of thesequantities emergesin a
natural way from the adiabatic connection. An alternative de�nition of the
correlation energydensity hasbeensuggestedby Baerendsand Gritsenko (22)
and by Huang and Umrigar (23).

3 Quan tum Mon te Carlo realization

Given an interacting many-body system with ground-state density n(r ), the
main ingredient for evaluating nxc and exc is the many-body wavefunction
	 � for a number of systemscorresponding to di�erent valuesof the coupling
constant � satisfying the �xed-density constraint. In this sectionwe describe
our variational quantum Monte Carlo algorithm for obtaining 	 � .

3.1 Variational Mon te Carlo

In variational Monte Carlo calculations (7) one starts o� with an explicit
parameterizedAnsatz for the ground-state many-body wavefunction of the
system under consideration. The total energy of the system is then calcu-
lated as the expectation value of the Hamiltonian Ĥ with respect to the vari-
ational wavefunction 	 T . Monte Carlo integration is used to perform the
multi-dimensional integrals required for evaluating this expectation value and
the variational parametersin 	 T are adjusted until an optimized wavefunc-
tion is obtained. The state-of-the-art method for performing the optimization
procedureis the variance minimization scheme(13, 14). In this schemeone
minimizes the varianceof the local energyĤ 	 T =	 T (rather than expectation
valueof Ĥ ) with respect to variational parametersover a set of particle con�g-
urations. The useof energyoptimized wavefunctionsmay give unsatisfactory
results when quantities other than the energyare evaluated, while minimiza-
tion of the variancetends to give a better �t for the wavefunction asa whole,
sothat satisfactoryresultsareobtainedfor a rangeof quantities including both
energy and electron density. The electron density plays a central role in the
adiabatic connectionproceduremaking varianceminimization a moresuitable
choice for optimizing 	 � .

3.2 Fixed-densit y variance minimization

Weconsideran N-electronsystemhaving ground-statedensity n(r ). At a given
coupling constant � the corresponding many-body wavefunction 	 � satis�es



equation (10). Therefore,at an arbitrary point R = (r 1; r 2; : : : r N ) in the 3N
dimensionalcon�guration spaceof electroncoordinates,we have

H � 	 � (R)
	 � (R)

� E � � 0: (22)

In conventional varianceminimization calculations(14) (i.e. the unconstrained
� = 1 case),the aboveproperty is usedto �nd an overall �t to 	 (wedrop the �
superscript for simplicity). The procedureis to determinethe parametersf � g
in the trial function 	 T (R ; f � g) by minimizing the varianceof local energy� 2

� 2 =
Z

dR

"
H � 	 T (R)

	 �
T (R)

� E[	 T ]

#2

j	 T (R)j2 (23)

whereE[ T ] is the expectation value of the Hamiltonian.
The above unconstrainedoptimization cannot be directly applied at inter-

mediatevaluesof � for which the Hamiltonian contains the unknown potential
V� . We found, however, that a simultaneousdetermination of 	 � and V� can
be achieved by performing the following constrainedoptimization. We assume
that the trial many-body wavefunction 	 �

T resultsin the electrondensity n� (r )
and expand both n� (r ) and the ground state density n(r ) in a completeand
orthonormal set of basisfunctions f f sg

n(r ) =
NdX

s=1

nsf s(r ) (24)

n� (r ) =
NdX

s=1

n�
s f s(r ) (25)

whereNd is a cut-o� chosensuch that the above expansionsconvergeto n(r )
and n� (r ) within a speci�ed accuracy. Subsequently, we de�ne the modi�ed
penalty function � 2

� 2 = � 2 + W
NdX

s=1

h
ns � n�

s

i 2
(26)

whereW is a weight factor the magnitude of which determinesthe emphasis
laid on the �xed-density constraint. The above penalty function reaches its
lower bound (of zero) if and only if 	 � is the exact many-body wavefunction
satisfyingthe �xed density constraint (within the accuracysetby Nd) andV � is
the corresponding exact potential. Henceminimization of � 2 will, in principle,
result in the simultaneous determination of 	 � and V � . In practice, however,
our constrainedsearch is restricted to a sub-spaceof many-body wavefunctions
and minimization of � 2 yieldsan optimal �t to 	 � and a correspondingoptimal



�t to V � , the deviations of which from the exact V � re
ect the errors in the
many-body wavefunction.

Our numerical implementation of the above schemeworks as follows. We
start o� with an initial guesses	 �

0 for the many-body wavefunction and a
corresponding guessfor V � . A �xed number Nc of statistically independent
con�gurations R i are then sampledfrom j	 �

0 j2 and the Monte Carlo estimator
of � 2 over thesecon�gurations is evaluated

� 2 =
NX

i =1

(EL (R i )� < EL > )2

"
! i

P N c
j =1 ! j

#

+ W
NdX

s=1

[ns � n�
s ]2 (27)

with

EL (R i ) =
H 	 �

T (R i )
	 �

T (R i )
(28)

! i =

�
�
�
�
�
	 �

T

	 �
0

�
�
�
�
�

2

(29)

< EL > the averageenergy

< EL > =
N cX

i =1

EL (R i )

"
! i

P N c
j =1 ! j

#

(30)

The expansioncoe�cien ts of the electron density, n�
s , are evaluated from

n�
s =

N cX

i =1

NX

k=1

f � (r i
k)

"
! i

P N c
j =1 ! j

#

(31)

wherer i
k denotesthe coordinatesof the electronk belongingto con�guration i .

Finally, we vary the parametersin 	 �
T and V � , using a standard NAG routine

for optimization, until � 2 is minimized. We found that setting W equal to
the number of con�gurations results in a satisfactoryminimization of both the
variancein energyand the error in electron density.

Following (14) we set the reweighting factors ! i in equations(27) and (30)
equal to unity in order to avoid a numerical instabilit y in the variancemini-
mization procedurewhich occursfor systemswith a large number of electrons
(these factors, however, are included in calculating the expansioncoe�cien ts
of the electrondensity). The above �xed-density varianceminimization is then
repeatedseveral times until the procedureconverges.

4 Cosine-w ave jellium

We performedadiabatic connectioncalculations for the inhomogeneousspin-
unpolarized electron gas with averageelectron density n0 = 3=(4� r 3

s) corre-
sponding to r s = 2. In the QMC simulations we model this systemby a �nite



systemof N = 64 electronssatisfying periodic boundary conditions in a FCC
simulation cell. Density modulations can be induced by applying an external
potential of the form Vq cos(q:r ) where,becauseof periodic boundary condi-
tions, q is restricted to be a reciprocal lattice vector of the simulation cell.
Alternativ ely, we can �x the ground-state electron density a priori and use
our �xed-density variance minimization method to obtain the corresponding
many-body wavefunction at a given Coulomb coupling constant which pro-
ducesthe speci�ed density. In the calculations reported here we chosethis
secondoption, with the \target" electron density for the systemgeneratedin
the following way. We exposethe non-interacting electrons(i.e. the � = 0
system) to the potential V(r )

V(r ) = Vq cos(q:r ) (32)

with Vq = 2:084� 0
F and q = 2B 3 . Here � 0

F is the Fermi energy of the un-
perturbed electrongas,B 3 is a primitiv e vector of the reciprocal (simulation)
cell with j2B 3 j = 1:11k0

F , and k0
F is the Fermi wavevector. We then solve the

following self-consistent single-particleSchr•odinger equations

[�
1
2

r 2 + Vef f ]� i = � i � i (33)

with
Vef f (r ) = V(r ) + VH (r ) + V LD A

xc (r ) (34)

to obtain the electrondensity

n(r ) = 2
N=2X

i =1

j� i (r )j2 (35)

We de�ne this density to be the exact ground-statedensity of our interacting
system. In this way, the single-particleorbitals � i are by construction the ex-
act Kohn-Sham orbitals and their Slater determinant corresponds exactly to
the many-body wavefunction at � = 0. Having obtained this non-interacting
v� representable density we then perform �xed-density varianceminimization
to produce variational many-body wavefunctions at non-zeroCoulomb cou-
pling constants (including the ground-statemany-body wavefunction at � = 1)
which reproducethis density and (variationally) satisfy the Schr•odingerequa-
tion (10). Once the 	 � s are obtained, we use the Monte Carlo Metropolis
algorithm to evaluate the required expectation valuesand perform a numeri-
cal coupling constant integration using Gaussianquadrature.



4.1 Man y-b ody wavefunction

The quality of a variational quantum Monte Carlo calculation is determinedby
the choiceof the many-body wavefunction. The many-body wavefunction we
useis of the parameterizedSlater-Jastrow type which hasbeenshown to yield
accurate results both for the homogeneouselectron gas and for solid silicon
(14) (In the caseof silicon, for example,85%of the �xed-node di�usion Monte
Carlo correlation energyis recovered). At a given coupling � , 	 � is written as

	 � = D " D # exp

2

4 �
X

i>j

u�
� i ;� j

(r ij ) +
X

i

� � (r i )

3

5 (36)

wherer ij = jr i � r j j andD " andD # areSlaterdeterminants of spin-upandspin-
down Kohn-Shamorbitals respectively. u�

� i ;� j
is the two-body term correlating

the motion of pairs of electronsand � i denotesthe spin of electron i . Finally,
� � is a one-body function which is absent in the homogeneouselectrongasbut
is crucial for a satisfactory description of systemswith inhomogeneity. Both
u� and � � contain variational parameters.We write u� as (14)

u� (r ) = u�
0(r ) + f � (r ); (37)

whereu�
0 is a �xed function and f � is given by

f � (r ) = B � ( L W S
2 + r )(LW S � r )2 + r 2(LW S � r )2 P M

l=0 � �
l Tl (r ) 0 � r � LW S

= 0 r > LW S

(38)
whereB � and � �

l are variational coe�cien ts, Tl is the lth Chebyshevpolyno-
mial, and

r =
2r � LW S

LW S
: (39)

In the last two equationsLW S is the radius of the spheretouching the Wigner-
Seitz cell of the simulation cell.

The �xed part of u� at full coupling constant � = 1 is the short-ranged
Yukawa form (14)

u1
0(r ) =

A1

r

�

1 � exp(�
r

F 1
)
�

exp

 

�
r 2

L2
0

!

; (40)

whereA1 is �xed by the plasmafrequencyof the unperturbed electrongas

A1 =
1
! 0

p
(41)



and F 1 is �xed by imposingthe cuspcondition (7) leading to F 1
� i ;� j

=
q

(2A1)

for parallel spinsand F 1
� i ;� j

=
q

(A1) for anti-parallel spins. L 0 is a cut-o� pa-
rameter chosensothat u0(LW S) is e�ectively zeroand is set equal to 0:25L W S

in the present calculations. In the caseof the unperturbedelectrongas,scaling
arguments (24) applied to the Hamiltonian (10) result in the following relation
for the exact many-body wavefunction at coupling constant �

	 �
r s

(r 1; r 2; : : : r n) = C � 	 � =1
r 0

s
(� r 1; � r 2; : : : � r n ) (42)

where 	 � =1
r 0

s
is the ground-state wavefunction of a homogeneouselectron gas

with the density parameter r 0
s = �r s and C � is a normalization constant. For

the unperturbedelectrongas(� � 0) imposingcondition (42) on the �xed-part
of our Slater-Jastrow wavefunction yields

u�
0(r ) =

A �

r

�

1 � exp(�
r

F �
)
�

exp

 

�
r 2

L2
0

!

; (43)

where A � = � 1=2A1, F � = � � 1=4F 1. We note that with the above choice for
A � and F � the � � dependent cuspconditions are automatically satis�ed. The
electron density is modulated only in the B 3 direction and henceboth the
one-body part of the Jastrow factor and V � can be expandedas

� � (r ) =
MX

m=1

� � (mB 3) cos(mB 3:r ) (44)

V � (r ) =
MX

m=1

V � (mB 3) cos(mB 3:r ) (45)

The electron density is expandedin a similar way (with the inclusion of the
m = 0 term). Weuse7 Fourier coe�cien ts in the expansionof electrondensity,
6 Fourier coe�cien ts in the expansionsof � � and V� (only the �rst four coe�-
cients turned out to be signi�cantly di�erent from zero),and 8 coe�cien ts (for
each of the spin-parallel and spin-antiparallel cases)in the two-body term.

5 Results and discussion

We performed adiabatic connection calculations for cosine-wave jellium us-
ing six values of � : 0; 0:2; 0:4; 0:6; 0:8; 1. The many-body wavefunctions for
� > 0 were optimized by �xed-density varianceminimization using 10000in-
dependent N � electron con�gurations at each � . These con�gurations were
regeneratedseveral times. The weight factor in expression(27) was set equal
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Figure 1: (a) Electron density for di�eren t valuesof � plotted along � (the direction
of inhomogeneity). (b) The � � dependent spherically averagedexchange-correlation
hole for an electron sitting at � = 10:85 a.u.

to 10000in order to obtain a satisfactoryminimization of both the variancein
energyand the error in electrondensity. Once	 � wasoptimized, quantities of
interest were accumulated with the Metropolis Monte Carlo algorithm using
500000statistically uncorrelatedcon�gurations.

We found that our method results in electrondensitiesn� (r ) which deviate
from the referencedensity by lessthan 1%. This is shown in �gure 1(a) where
the density is plotted asa function of � alonga line parallel to the direction in
which the externalpotential varies(wecall this the � direction). While the den-
sity is �xed, all other physical quantities vary smoothly and monotically with
� . As an examplewe considerthe spherically-averagedexchange-correlation
hole

~n�
xc(r ; s) =

1
4�

Z



dr 0n�

xc(r ; r 0); 
 : jr � r 0j = s (46)

as a function of � . In �gure 1(b) this quantit y is shown around an electron
sitting at one of the maxima of the electron density (� = 10:85 a.u.). The
� = 0 curve corresponds to the spherically-averagedexchangehole. The ex-



changehole is relatively shallow and negative everywhere. As the interaction
is switched on, the hole around the electron becomesgradually deeper. The
spherically-averagedhole obeysthe sum-rule (3)

4�
Z

s2~n�
x (r ; s) = � 1 (47)

and the deepening of the hole for � > 0 is compensatedby the fact that the
hole becomesslightly positive far away from the electron. Note that the hole
doesnot \narrow" as it deepens,but actually broadens. In evaluating ~� �

xc we
expandedthe exchange-correlationhole in a doubleFourier series,sampledthe
corresponding expansioncoe�cien ts and subsequently performedthe spherical
averaging. Our calculated� �

xc doesnot satisfy the Kimball cusp-condition(25,
29) becauseof the �nite number of plane-waves in its Fourier expansion. As
a result ~� �

xc has zero slope at s = 0. We note, however, that this de�ciency
doesnot a�ect Exc and e�

xc becausethesequantities areevaluateddirectly from
equations(6) and (21).

Beforediscussingour �ndings for this system,we would like to pauseand
give a short outline of the errors present in our simulations. First of all, the
small (< 1%) deviations of the electron density at di�erent � from the refer-
encedensity n(r ) will induce errors in the adiabatically calculated quantities
such as the correlation energydensity. By recalculating the exchangeenergy
density with a density which deviates from the referencedensity by 1% and
extrapolating the resulting deviation ex [n(r )] � ex [n(r ) + � n(r )] to the correla-
tion energydensity, weestimatethe errors in ec dueto thesedensity deviations
to be also � 1%.

Further, there aretwo other kind of errorsin our calculations: (i) statistical
errors; and (ii) �nite size errors (i.e. those causedby the fact that we are
using a �nite number of electrons to model a supposedly in�nite system).
With 500000con�gurations usedin samplingall physical quantities, we found
statistical errors to be unimportant, except for the exchange-correlationhole.
By evaluating the exchangehole both directly and by Monte Carlo sampling,
and assumingthat the errors in nxc for � 6= 0 are similar, we estimate the
statistical error in this quantit y to be lessthan 7%. Another sourceof errors
is �nite sizee�ects. Theseerrors occur becausea �nite simulation cell is used
to model an in�nite system, with the Coulomb interaction energyevaluated
using the Ewald formula (26). The useof a �nite simulation cell with periodic
boundary conditions a�ects the wavefunction, of course,and the useof Ewald
interaction alsoproducesa Coulomb �nite sizeerror in the interaction energy
(26, 27). We found the e�ect of the �nite cell on the exchange-correlationhole
to be unimportant, except for the asymptotic behavior of this quantit y which
cannotbecorrectly described with the present systemsize. Coulomb �nite size
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Figure 2: (a) VMC (solid lines) and LDA (dashed lines) s~nxc(r ; s) plotted for an
electron moving along � . Arrows on the electron density (plotted on top), mark the
position of the electron. (b) Exact s~nx (r ; s) plotted in the samedirection and at
the samepoints as in (a) (solid lines) and the corresponding LDA approximation
(dashedlines).

e�ects do not signi�cantly a�ect the many-body wavefunctions,andhencetheir
e�ect on quantities such as the electron density and the exchange-correlation
holeis negligible. The exchange-correlationenergydensity, however, is directly
a�ected by Coulomb �nite size e�ects since in evaluating e�

xc the 1=jr � r 0j
Coulomb interaction in (21) is replacedby the periodic Ewald interaction. By
calculating the exchangeenergydensity of the homogeneouselectrongasusing
our �nite simulation cell and comparingit with the exact result (28)

ex = �
0:45805

r s
n0 (48)

we estimate the total �nite-size error in ex to be of the order of � 2 � 10� 4

a.u; the errors in the correlation energydensity ec is expectedto be somewhat
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Figure 3: Exchange (solid line) and correlation (dashed line) contributions to exc

plotted along � .

smaller.
We now turn to our results for nxc and exc. The spherically averaged

exchange-correlationhole, ~n�
xc(r ; s), obtained from our adiabatic calculations

is shown in �gure 2(a) together with the LDA approximation (28) to this
quantit y

nLD A
xc (r ; s) = n(r )( �ghom (n(r ); s) � 1) (49)

where �ghom is the � -averagedpair-correlation function of a homogeneouselec-
tron gas with density n(r ) (we use the Perdew-Wang parameterization of �g
(29)). In this �gure we plot nxc(r ; s) for an electronmoving along� , and hence
fully experiencingthe strong variations in electrondensity. The hole is shown
multiplied by s sothat the areaunder each curve is directly proportional to the
exchange-correlationenergyper electron exc=n. At � = 1:30 a.u. the electron
density is very low and nxc is shallow. As electron moves to higher densities
(� = 5:6 and � = 10:85 a.u.) the hole becomesdeeper and its asymptotic tail
lesspronounced.Unlike the LDA hole which depend only on the local density
n(r ) and is dug out of a homogeneouselectron gasof that density, the VMC



hole dependson the density everywherein the vicinit y of r . At � = 1:30 a.u,
wherethe electrondensity is very low, the LDA \prob es" only this density and
for this reasonthe LDA exchange-correlationhole is very di�erent from the
VMC hole, even closeto the electron. As the electronmovesto the high den-
sity region, the LDA description becomesmore satisfactory and at � = 10:85
a.u., where the electron density has a maximum, the agreement between the
LDA and the VMC hole is rather good. In �gure 2(b) we comparethe ex-
act exchangehole (obtained from our exact Kohn-Shamorbitals) for the same
electron positions with the LDA hole given by (28)

~nLD A
x (r ; s) = �

9
2

n(r )

"
j 1(kF (r )s)

kF (r )s

#2

; (50)

wherekF (r ) = (3� 2n(r ))1=3 is the local Fermi wavevector and j 1 the �rst order
sphericalBesselfunction. Once again, the LDA description is unsatisfactory
at low densitiesbut improvesaswe move to the high density region.

Next we consider exchange-correlationenergy densities. In �gure 3 the
exchangeand correlation contributions to this quantit y are shown. The di�er-
enceseV M C

x � eLD A
x and eV M C

c � eLD A
c are shown in �gure 4 (a). The di�erence

in ec follows the variations in electron density and is largest at points where
n(r ) hasa maximum. The di�erencesin ex showsa morecomplicatedstructure
and eV M C

x < eLD A
x everywhere in the system. This result is in line with the

well-known fact that LDA almost always underestimatesthe exchangeenergy
of an inhomogeneoussystem. However, becauseof the �nite size errors, we
expect the true ex to be slightly (� 2 � 10� 4 a.u.) lessnegative than eV M C

x so
that ex < eLD A

x must holds in most points of the structure but not necessarily
everywhere.

The GGAs for exchangeand correlation of a spin-unpolarized systemare
written as (15)

Ex =
Z

dr n(r )� unif
x (n(r ))Fx (s) (51)

Ec =
Z

dr n(r )[� unif
c (n(r )) + H (n(r ); t)] (52)

In the aboveequations� unif
x and � unif

c arethe exchangeand correlation energies
per particle of a uniform electron gaswith density n(r ), t = jr nj=2ks(r ), s =
jr nj=2kF (r ) with ks the local Thomas-Fermi wavevector ks(r ) =

q
4kF (r )=� .

In analogywith (19) onemay de�ne the GGA ex and ec as

eGGA
x (r ) = n(r )� unif

x (n(r ))Fx (s) (53)

and
eGGA

c (r ) = n(r )[� unif
c (n(r )) + H (n(r ); t)] (54)
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Figure 4: (a) The di�erences eV M C
x � eLD A

x (solid line) and eV M C
c � eLD A

c (dashed
line) plotted along � . (b) The sameas (a) but for eV M C

x � eGGA
x and eV M C

c � eGGA
c .

We note that the above quantities do not directly correspond to the physi-
cal ex and ec as de�ned by equation (21) (i.e. via the exchange-correlation
hole). Nevertheless,they present pointwise correctionsto the LDA exchange
and correlation energydensitiesand for this reasonwe found it interesting to
comparethem with our VMC results. In �gure 4(b) we show eV M C

x � eGGA
x

and eV M C
c � eGGA

c . The GGA resultswereobtained from the ground state den-
sity n(r ) using the Perdew-Burke-Ernzerhofscheme(15), which we found to
give resultsslightly di�erent from PW91 (6). Note that the di�erence between
the VMC and the GGA exchangeenergydensitiesis signi�cantly smaller than
that between the VMC and the LDA exchange energy densities, indicating
that the GGA improvesupon the LDA in describingthis quantit y. As for ec,
the di�erences are of the sameorder as for the LDA, although the shape is



di�erent. It is interesting that the LDA errors in ex and ec partially cancel
each other, even on a local scale,but that thesecancellationsdo not occur for
the GGA. In summary, the GGA seemsto do a good job in improving the LDA
description of the exchangeenergydensity but is lesssuccessfulin the caseof
the correlation energydensity. The resulting exchangecorrelation energyper
electronobtained from VMC, LDA and GGA are E V M C

xc =N = � 0:328� 0:009,
E LD A

xc =N = � 0:3296,E GGA
xc =N = � 0:3347a.u.
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